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ABSTRACT

A six degree of freedom model for di- )r di-
gital simulation of the trajectory of an 2 an
unguided, fin-stabilized rocket is developed. .veloped.
A derivation of the equations and an expla- expla-
nation of the co-rdinate systems are pre- pre-
sented. The development assumes that the . the
trajectory will be over a rotating planst ant
with a variable at-aosphore. A space-
variable, three-dimensional wind vector is -or is
assumed.

The equations of motion are derived ved
from Newton's Laws of Motion. The aero- :ro-
dynamic forces and moments are based on the on the
theory of stability derivatives ar, d the :he
assumption of linear aerodynamics. The -e
body axes are assumed tt be prtncipal axes axes
of inertia.
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INTRODUTI ON

Various ungLided rocket systems have been used at white Sands
Missile Range (WSNIR) for several years for high-altitude research.
Present planning indicates that an increased number and variety of such
rockets will be fired at WSHR for novel experimentations and for
re-entry studies. The use of the unguided rocket is desirable since
it is usually less complex, and, therefore, more reliable; and is also
less expensive than one with guidance. The principal disadvantage is
the inherent dispersion, since there is no guidance. The largest
contribution to the dispersion of unguided rockets is due to the wind
encountered during flighL. This dispersion cap. be made less signifi-
cant by applying a procedure for determining the wind effect and then
adjusting the launcher so as to compensate for the wind effect, there-
by achieving the desired trajectory.

A real-time prelaunch impact prediction system has been developed
for use at WSMR to compensate for the effect of the wind 11,2]. An
intigral part of this system is the trajectory simulation equations.
The equations presently used by the system were developed by Dr. Everett
L. Walter [3]. This report presents the development of a new set of
equations which will be evaluated for possible replacement of the
Walter equations.

The development of a trajectory simulation model r'n follow numier-
ous approaches and cin vary from quite simple to extremely det..,ed,
depending primarily upon the purpose for which the model is to be used.
Since this model is to be used solely for flight simulation in a real-
time system to determine wind effect on rockets having range and alti-
tude of less than 600 miles, the following assumptions are made:

a. The rocket is assumed to be a rigid bod,- with six degrees
of freedom.

b. Tha body axes are principal axes of inertia.

c. Linear aerodynamics are adequate for determining the aero-

dynamic forces and moments.

d. The earth is a sphere.

e. Gravity follows the inverse-square law.

f. The thrust vector acts parallel to the longitudinal axis
of the rocket.



LIST UF SY.IIh'!.S

X' 'Y' ,2 Launcher coordin~ate system

X,Y,Z Inertial coordinate system

xYz Body coordinate system

T*X&'x Linear transformation

kxkysk-

kx,1§kYkz, Unit vectors along the axis denoted by the subscript

kxk yk z

Ii Position vector of missile center of gravity
in inertial system

Rotation of x,yz system in X,Y,Z system

pq,r x.y.z components of wýl

w Earth's rotational velocity

Y yAngle determined by the projection of R in the
X,Y plane and the X-axis

OL Latitude after launch

41.° Initial Latitude

11$12913

m1 M28 23  Direction cosines of the x~yz axes respectively
with respect to the XfZ coordinate system

nI J'2 .n

C1  Aerodynamic stability derivatives

CNa C
CNPQp e.g,, Ci NQ

C) where

C1 CN is the normal force coefficient;



Cm
'C.

M q 1 ) (

CCm,

a M�Mas. of rock.et

P Atmospheric pressirea

Ae Area of exit nozzle of rocket motor

T Thrust as measured by a static test

Atmospheric pressure at static test site

g Acceleration due to Iravity

Value of g at sea level

oe•an sea level radius of earth

h wleight above mean sea level

00 ~Elevation angle at launch

20 Azimuth angle at launch

F Total force acting on the missile

M1t Sum of the external moments acting on the missile

XYZ components of Mt

P V Missile velocity vector

SAngular romentum vector

4I V referred to the inertial system

*b V referred to the body system

u'v.w xy,z components of

£F ,EF ,ZF xy,z components of F
x y z

3



I -1 -1
xx X)' XZ

- I I - I iTensor uf ini•rti a
xy yY )'z

-I -1 I
X7 '

. ,i� nd� c:�onufits in the launcher system

";;x IyW -W tind components in the body system

Va Speed of missile with respect to the wind vector

u',vtw' xyz components of a

Angle of attack

B Angle of s.deslip

Abso'ute ar.gle of att;,ck

Auxiliary an,le of attack

.:,:. liary alile of" sitoslip

Speed of sound

Atmospheric density

q' Dynamic prcssure

s Reference area for aerodynamics

d |'eference length for aerodynamics

COO!R)INATIE SYSTiL';IS TIASFIiWIATIONS

Th~ec' ri!'.hL-hk orthogci•:ail coroisiatc syster.: c are used to de.cribe
the .,.Iiss ii ' s s i;tion in space. "IeY are tC e I:unz-her COo t ''.,'.--

t;er with X ,Y' .. ' axes, the missile ccordinate s)'.;tcr. with x, .

anti the inertial coordinate systeC:i with XYZ axes.

Th, X' ,Y\,Z' sy;tc Itas its origin at the latnchcr and rotates ,:itlk
the earth. Thc positive X1 axis points cast, the positive Y axis points
north, an(: the positive Z' axis points outward alon' the radius vector
from the center of the earth.



[e Xy'•. S' i .y•, 1 , .k-ii r: .1ti-: -ti %.rigJi at thite ceLter

of gravity: C(. of the f Jie silc ihL1 x axis CUiuIci:.u! Withi the !o'0:i-
tudinal axis of the ruoket and is p•ositive tui'ard the. nose - Let 6 le
the angle between the x axis and the :' axis iocasur--! froi the Z" axis.
The y axis lies in the XVY' ) lanc and is positive irn the direction of
positive i. The positive z axis is chios.2n so that wC have an orthcgonal
right-hand system,

The XYZ system has its orligr, at the center of the earth. The
system is oriented so th.it the X and Y axes lie in the equatorial plane
with the Y axis initially passing through the iongitude of tne launcher.
The Z axis is coincident with the earth's axis and positive toward the
North P'ole. This system does not rotate with the earth.

The linear transformations between these systems will be denoted
by e.g.&T where the left hand subscript denotes the domain of the
mapping. "Toi derive those transformations, let kx kykz kxi ,k#. k
kxok ykz be unit vectors along the axis denoted 0y the subscript. Let
R be position vector of the C and let wýi define the rotation of the
xyz system in the X.,YZ'sysfem with x,y,z cemponencs denoted by p,q,
and r respectively. Tl,en

R " kx + Yky + "-kz, 1

anti
w, I pkx + qky rkz + A)

It can be seen from Figure I that the direction cosines of R in the
X.YZ system are (cos#i" siay, coshl cosy, sin4L) where

sin y a X(X2 + Y2)"/2

COS y _ Y(X2 + y2)°!/2,

sin#L Z(X2 + y2 Z2) 2 and

cosL - (X2 . y2;1/2 (X2 yZ + Z2 )-1/ 2 . (3)

Also, from Figure 1. the transformation TX2X, is Liven by the
following equations:

kg, a-cos(w.it)k osin(ut)ky

k y, sinL sin(Wtt)k X sineL cos(wt)k Y cos*L k
.L0  X Lo o Z

k. =-€s€ sn••tk, +co€ cs(t~y sne K. 4)-



xZ

F Gt (.LJ



11c iRiverse " '" titc traitsforn.atioi, "X2x, is givcn by:

kx =-uswt., + si'IL°0 si •tk yo cus;l.o sin(6tZt)i,::

ky - -sil 1(izt)(x - sinL° cos(itLy, co•oc ,03tL.t)LZ,

kZ = cOS 1 Lo k¥, + sn'Lo k",. (5)

((bserve that since each of the coordinate systems is orthogonal the
inverse u i, transformation is just the transpose.)

Let ( 1 ! ,12,13), (r, n2 ,1M3) and (n n oan) be the respeccive direc-
tion cosines of thie x, y, and z axes i1 tfie I,Y.Z system. Then the
transformation TX2x and its inverse Txx are given by the sets of equations.

kx 3 likx + l 2ky * likz

ky n mikx + m2kY + *3kz

kz U nlk x + h2ky * n3 kz,

and

kx 1kx mlky * n1 kz

ky a 1
2 kx + :17ky +n 2 k;

kz - 1 3kx + fl3ky + n 3kz * (7)

respectively.

I)iffcrential eiations for Ii, mi, ni. i * 1, 2, 3 are obtained
As follows: let the linear transformation Tx2X be expressed by the
natrix

L a a 2  b 2  C2  ,

a 3  h 3  C:

let •he natrix of the linear transfotmation TV2x be expressed by
(sce Ltquition (-))*:

7



I 5fLut U

T - s5ill,usijlL..t -s 'n¢LuCOS "t COSýl.°

-coSOLosi'glat COSOLoCOS, at SinLo/

the transformation Tx 2 x is expressed by tile matrix

A 12 n2  n2 )

13 03 N3

Hence A • DC. Thus,

A C - Dc 0÷ M •

Now to determine the elements of A it suffices to determine the

elements of t and express these in terms of A. Consider a rotation,
d*, of the xyz system in the Xoy',Zo system. The unit vwctor kx
changes by an i.-ount of dkx. The projection of dkx in the x,y plans
is ky.dkx (see Figure 2).

y

k - 2

For sriall rotations. i.e., for small changes in timee, tile components
of rotation about tile z axis are given by

dl~z a sindoz a k y*dkx.

r •d~z/dt - ky-tdkx/dt a Ly-kx. (J



Simi lar ly

p" a 'ky (10)

and

qu k''kz ( 1i)

Now k lies in the y-z plane, k' in the x-z plane, aad kz in the
x-y plane. Thus

Kx akA k ISX y3 Z z2

ty kzA1 - kxB3 , (12)

and

kz *ki8. -kyb 1 .

Since the system is right handed

kx - k y x kzf

ky a kz x kx, (M

kz a kx x ky.

Hence,

a•x a y EK *k + k, (14)

or

kyA 3 - kZA2 a (kzA1 - kXB 3 ) k ky x (kxB"z . kyB1)

a (-kx x kz)B 3  (ky x kx)B 2 - kyB3 - kZH2. (1s)

So A3 M B 3 and A. 0 02. Similarly A, * 11. From Equations (9), (10),
(12), and (13), we have

A1 = p, A2  q, A3 ar. (la)

14ow
ai- kx, + i2•' *a 3Y

k,, a b k.L + 1 +2 b3kzL (17)

kz CikX I kC2 Ky sc 3 k,

9



1")1. 1 ti t I ýAti.U l u j I 12. ( U) * U) * Ll W )&~ ( I, Ce nave

a, k ÷ + 2 +3k:: = k. = rid-qc')kX, + (rb -2C2 Y

+ (rb 3 -qc 3 )kz,

So aL rai qbi i - 1, 2. L (18)

Similarly

6i pci - rai i z 1, 2, 3, (19)

and ci a qai - pbi i - 1, 2, 3.

Now from the matrix equation A DC we can determine hi 6: and ci
i - 1, 2, 3 in terms of Ii, mi, and ni i 1 1, 2, 3 Performing this
substitution and the matrix algebra and differentiation operations in
Equation (8) we obtain, after simplification,

11 a rm- - qn, - W12

12 a rm 2 - qn 2 + wl1

13 0 rM3 - qn 3

m, s pnl - rl -ao2

n 2 a P'2 - r1 2  MRa1 (20)

13 = pn 3 - r1 3

l= q 0 1  - Pl 'a' 2

Z q ql 2 -1pm2  2 "nI

A3 " q1 3  P Pro3

INITIAL CONDITIONS MOR MILE xy.,z SYST9Ml

Initially the x axis and the Z' axis form an angle 0o (this is the
elevation of the x axis angle and is measured froa Z'); and the projection
of the x axis in the X'Y' plase forms an angle so with the Y' axis (this is
the azimuth angle of the x axis and is measured clockwise from '). Since
the y axis lies initially in the X',Y' plane, it forms an angle ao * 90 with
the Y' axis (see Figure 3). Thus, initially,

kx a kX, sineosinu% * kyt sineoc osso + kz, cOSOo,

ky U kx, cosao + ky, sin%,

kz x kX, sinaocoseo * ky cosaecoseo - kI. sineo0  (21)

1o



x

X1t

FIG•VRE 3

From Equation (S) we have, initiall),

kg r .kxI I

ky - -sin#L° ky, * COS#Lo kz,

kz a CosLo ky, * Sinho kz, (22)

Thus the initial conditions for limi,ni, i - 1.2,3, are I6 iven by

1112 131 sinoosind% sine Cosa0  cose -1F 0 1
•1 m2 m3 Coso0  -sing0  -sinLo coskL (23)

ni n n Lsiraocosoo oacs 0 -sir9j L CeskeL sin Laj

[i-RIVATIO.14 OF TIE LQUATIOM OF IMIOTI

This section presents the derivation of the equations of motion of
a rigid body in inertial space. This derivation can be found in several
references 14.S,0,7! a:8d is presented here for completeness only. The
two basic equations which Jefine the motion are, by Newton's laws,

11



d t

't =t (ii ( 2S)

These equations state that the sur) of the applied forces, F, is
equal to the time rate of chanie of the linear momentum, m. and the sum
of the external moment At, is equal to the time rate of change of the
angular momentum, Ft

MILE TIM.'SLATIONAL ACCELEIRATIONS

The differential equations describing the motion of a missile sys-
tem (Equations (24) and Z25)) must always be referred to the inertial
system (the XoYZ system) for solution. This is not meant to imply that
every computation is done in the inertial system--to the contrary most
computations are performed elsewhere. It does mean that the basic
equations of motion must be referred to the inertial system and compu-
tations in other frames related by appropriate transformations.

Let V be the missile velocity in the inertial system and the
velocity in the body system (throughout this sectign the superscripts
I and b will be used as above). It is clear that VI - (. Since Newton's
laws of motion are valid only in an inertial system, the derivatives of
(22) and (23) must be in the inertial system. Now

dI di

The right-hand side of (26) is m~ixed and cannot be worked 'ith as
it stands. However, the derivative with respect to time in the inertial
system can be written as the operator

dl db
t'f Jj W * - (27)

Hence,

-t * 00) dH V (28)

Expanding the aldove differential equation gives

Lj~ (.Ix vk * Wk 1) q r 29
y vy

1 -,

• ~ml



or

b= (+ • w - rv)kx (+ , + ru- - PWk - qu)k,. (3(0)

Now from the force equation,

Il:b . m - , (31)

we have translational equatioas of motion:

ZFx X m( + qw - rv),

zFy - m(O + ru - pw).

Z~z = m(ý + pv - qu), (32)

where EFx. ZFy and EF are the applied forces in the body coordinate
system.

1MIE ROTATIONAL ACCfLURATIOa S

The relationships expressing the rotational motion are obtained in
a straightforward manner. The components considered come from two sources,
the time rate of change of the moment of momentum and the externaliy
applied moments. The moment of a rigid body about its center of mass i:

given by:

fiy] [:j ZiE : ] [E (33)

l1z .I-I Izz r
xz y1.

Since the body coordinate axes are assumed to be principal axes of
inertia, the off diagonal terms o' the 3 by 3 a.trix are equal to zero.
Thus we can rewrite Equation (33) as

i1a IxxPkx + Iyy qky + Izzrkz (34)

Thus we obtain

iT- kxtlxxp + +•x• ÷ (Izz - Iyy)qr] + kytiyyq * Iyyq

(IxX - lyy)pri * kz[izzr * 1zzr + (Iyy - 1 xx)pqj, (35)

where the difierentiation of moment of inertia refers to that change at
constant mass only. The change in angular momenttm due ro the escaping



as c s i e du e t o c aju'c i rv i ss, is ... nsiderc, in the cxternal i.iun~ntS

aS th jet dai..pinF riol:ent.

.Now, if wL denote the stims of the x~j.. copeneInts of the external
moments by L: M. a;,1 '" (to adopt standard notation) we have

L X + Ix x X XIx x 4 f I z -Z 1 y y (11 .

y = 1yyq 4 1yy 4 + (Ixx Izz)pr,

N =Izzr + Izzr + (Iyy Ixx)pq.

These are the cqjations which describe the rotations.

MIE FOIECES X;D :IO!;lNTS ACTING ON THEI ROCKET

TIE AERODYNAMIIC FORCES AND MGIENTS

Since the aerodynamic forces and moments depend upon the missile's
velocity with respect to the surrounding air, preliminary expressions
must be obtained before these forces and moments can be computed.

Let IWy, oy. and WZ. be the components of the wind in the X' ,Y Z'
system. The wind components in the x,y,z system, Wx, ;1, and W.z,.are
obtained by applying the transformation TX'2x. This c 4 be conveniently
written in matrix form as

W~ MII1213 -i nt WY (7

Lky - 'mmm sn, sinha° Coswt tossw. €oswt yC)

WoN nln n3 0 Co#osin#LO, W/,

The velocity components of the missile relative to the wind are
u, - u-#W, V' a V-Wy& W' a w-Wz and the relative speed is

va a [(u') 2 + (v') 2 + (w,)2J.l2.

There are several angles which are used to calculatu the aerodynamic
forces and moments. These angles are shown in Figure 4. They cbn be
expressed in terms of velocity components as follows; the angle of
attack, a, the angle of sideslip, S. and the absolute angle of attack, 6,
given !,v

a tan" (33)
Ut



II _ _ _I

2 w)2

6 a tan 1  (V.) 2  , (4U)

The auxiliary angle of attack a* and the auxiliary angle of sideslip
8* are given by

a* a tan" - (u') 2  (w') 2  (41)

* tan ta - (42)

us

. VayI

FI JRL 4

It is assumed that speed of sound, V., and atmospheric density, o,
are known as functions of altitude. .ow the MIach number and dynamic
pressure can be computed from

I
MN a (43)

Vs
and

q1 pVa (44)al.•



1'1t1-• 1' has bec. .:uji• tiail t1e ac It ;1.W'j" forces and ruments
can be. c'otainc by thu use of I ilear acrodyni:cics. the forces and nol-ents

- r

I~~y [ -.. ¶ sinu*] q....I:z E l "C, Sizca * {" , r-) sin-JqsS

11)d

Lz J [C: SaC (aa1 sins]q'Sdp a

m - Cm sine* + m" (La " (#aCm sin$ q'Sd
MB rq 2Va (fPU 2a

: .Cm sin+ Cmq (Pd ÷ m t sino*]q'Sd, (45S
m ~mpB 2Va

where S is the reference area and d is the reference diameter.

"MIL IRUST FORCL AND 111L JLT DAMPING ,'lOMUNT

Let m be the mass of the rocket including the unspent fu. I 'q,' let
Am be the change in mass (due to burning of fuel) during a small t~.me
interval At. By the law of conservation of total momentum we can equate
the momentum at a time t to that at a time t * At. This gives us

mv W (m + am) (V + A + AM(Ve - V) (46)

where Ve is the velocity, relative to the rocket, of the exit gases.

By dividing both sides of the above equation by At and then tvking
the limit as At approaches zero we get

mV - - nIve. (47)

This is the force on the rocket d.e to the changing momenttoi.

Besides -ýIVe there i. an additional force due to the differential

in the pressure at the exit nozzle and the atmospheric pressure. If the
pressure at the exit nozzle is Pe, the atmospheric pressure Pa, and the
area of the exit nozzle Ae, then this additional force is Ae(Ve - Pa)
giving a total thrust of

T ;V * (11 V a) A'\. (48)



SI t ie ti.±"st 1s IO, .1 st %talia (I.Aj.ru III alll

1 . .t. =:\ ÷ \ P st, (39

!rcoi '.18J and (49) we gut

T = Tsot, + U ,ts (50)

We have assumed that the thnrst acts parallel to the longitudinal
axis of the rocket, hence th0 only component due to the thrust is along
the x-axis and it produces no moraents.,

Since a rocket rotates about a transverse axis during burning, the
gases must be accelerated laterally as they flow down the motor tube.
This lateral acceleration produces the so-called jet damping moment.
The following expression for the moment is derived in reference [7):

,ýIp. j12- 1,)Np,

where r is the mass flow rate, ,' the instantmeous pitching vel'ocity,
1 is the distance between the v4hicle's Cg and the exit nozzle and lp is
tile distance between the Cg of the vehicle and the propellant Cg.

The components of the moment are, for a symmetric rocket.

,Mm~l a l j -1 12)q ,•:

.. A(12 12l)r (52)

MIlll FORM• UJE TO GlAVl7Y

Let gs be the average value of g at sea level along the trajectory.
Then the value of g at an altitude h is, by the inverse-square law,

9g gs i• o1 2 (53)

where Io is the radius of the earth. Since gravity is a central force
it acts along the radius vector 4 from the center of gravity of the
missile to the origin of the X,YZ system and hence has direction cosines,
in the X.YZ system

X x

/7r+Y Z2) X~2 + y2+:) X 2 Z



JjI 1y ' tIe .I ii. iEA itLIl~..

j;y :ippil>ijig' the ý M.l i:f, 1 ,',A.'ItLoI!'X~ haw:

'I(lX - I-Y IZ)

1 iN Y 1

R Y

g_ -_. X--1___ 2 + Y + t 3Z) (54)
Z / 2 y2 3

711L LQUATIO"S OF IOTIU1

Tite six equations of motion were developed in the preceding section,

and the forces and rz:oments which were assvured to affect the motion were

discussed. At this point we collect the previous developments so that

the system of equations may be presented together in final form. The

translational equations of motion are. by (31), (45) . (49) , and (54),

md * ri.rv ,qw CX (I S + T - m,, , (5-,

pId

Mv - npw - ,nru + (:., sins,(C,, ()-•_)sbla* q'S - llyo (5b)

m f - mqu -P r. * silt&*+C:- ('-)sils } q'S - ngz, (57)

the rotational equations of Lwtiofk are. by (35), (45), (51), and (52),

) jd I
Ixxlf, (lyy - 17z) itr - IxlP + (C - C.11 ( sins ) q'dS, (58)

Iy (' {I•. I x) lir I" yq + (T (l;siJIa" C .mt'~l q C111" .d(T),

si a 0 I} q 'dlS ÷ 1.1*( 9

Izz = (Ix ly) Iq -l .r t , iia il~ * .. ..2 * ' (P" a)

:z x y . a M a~

sinl* } q'dS * l.r, iOA)



II.se II jhlt i c11 Ir v i !' A r ll I Itc ' t' Ubt 211 til riot lull of tle
rocket i:I the x ,y Z' ss t%::,I A L h .i I i : s i :c t. Lr iquati Pms ( ILj , (1l9". antin
(20) arc luiierically I :• ated .:0 Ovt ,ln t.Lc transfioiation hmatrix ree-
quired to express the resultr4 inr ti, other iystems..

5iJ:[IAI/Y

A six--degrceof, frecdom digital simulation model has been developed
for detcnmining the trijcctory and wind effect on a multistage unguided
rocket. Alth!llugh it was not specifically r;,entioned :n the development
of the equations of rotion. ii. should be intuitively obvious that there
is a discontinuity in these equations ut the separation and exfulsion
of any booster.

Seve.-rl assunptions were made !n the begxnning of tup development,
Several of the assumptions could be easily discarded if such is desirable.
The poseibility of dropping these assumptions will be discussed below

Assumption No. I. The rocket is assumed to be a rigid body with six
degrees ofr•- d-om. It appears that the problem would be unnecessarily
complicated if the rocket were not assumed to be a rigid body.

Assumption No. 2. The body axes are principal axes of inertia. Inspec-
tion of Equations (33) and (34) shows that this assumption is clearly not
necessary. It was made for two reasons (1) Host rockets are nearly
symmetric for stability reasans, and (2) tie products of inertia required
in lieu of this assumption are not usually available.

Ass= tion No. 3. Linear aerodynamics are adequate for determining the
aerodynamic forces and moments. Inspection of Equation (4S) shows that
the development is easily adaptable to a change in the type of aerodynamics
required.

Asstumption No. 4. The earth is issured to be a sphere. This assumption
isnot _realy used in the develoi'ment of the equations. It is used only
in the analysis of tile results of lie conputations. It would be simple
enough to consider the earth as an oblate spheroid.

A nion :No. S. Gravity follows an inverse square law. 11tis as-;unp-
tion is s-anW.rj for the types uf nisislcs considercd.

AssumptioNo. b. Me thrust vector acts parallel to the longitudinal
xis of the rEket. lost rockets acC d, signed for such a thrust orien-
tation. If it wore desirable to CoTsItder thrust misalignments for
dispersion analysis it would be a sunple matter to compute the x~yez
component of the thnr.st and thie rcsultLPg ricents- iHowever, for appli.
cations indicated in this relcort such considerations are not appropriate.
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